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Sec.2-6 special square matrices（Ref. Riley et al, Sec. 8.12）

● If a matrix M satisfies

  ijjiij
T MMM  , i.e., MM T  ：symmetric matrix

  ijjiij
T MMM  , i.e., MM T  ：anti-symmetric（skew-symmetric）matrix

eg. 







01
10

is symmetric； 







 01

10
is anti-symmetric

Note 1：For a symmetric matrix, its element are symmetric with respect to the

diagonal. Thus any diagonal matrix is automatically symmetric.
Note 2：The diagonal entries of an anti-symmetric matrix vanish.

∵ anti-symmetric    iiii
T

ii MMM   0iiM

Note 3：For any matrix M, we can always rewrite it as a sum of a symmetric part
and an anti-symmetric part：

22

TT MMMM
M





 = symmetric + anti-symmetric

cf. For any complex number z,
22

 





zzzz
z = real + imaginary

Note 4：Even if M and N are symmetric（i.e., MM T  and NN T  ）, their
product may not be symmetric, i.e.,

  MNNMMNMN TTT  , unless the matrices commute.

Note 5：For any matrix R（probably rectangular）, the products RRT and TRR are
automatically symmetric.

∵     RRRRRR TTTTTT  and     TTTTTT RRRRRR 

Note 6：The inverse of a symmetric (anti-symmetric) matrix is also symmetric

(anti-symmetric).

∵ TMM      TT MMM 111  

● If a real matrix O satisfies
1T OO  TT OOIOO  ：orthogonal（正交）matrix

eg. 














 








 
 01

10
exp

cossin
sincos





R is orthogonal
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Note 1：The product of 2 orthogonal matrices is orthogonal.
Note 2：The inverse of an orthogonal matrix is also orthogonal.

∵      111TT1   OOO

Note 3：O must be non-singular！

Note 4：The determinant of an orthogonal matrix must be 1！

∵ OOI T

∴
2TT OOOOOI   2

1 O or 1O

Note 5：An orthogonal matrix represents a linear operator that leaves the lengths
（or norms）of vectors unchanged. That is,
if two column vectors y


and x


have the relation： xOy


 , then

    xxxOOxxOxOyy TTTTT 


Note 6：The columns（or rows）of an n n orthogonal matrix constitute the
components of n orthonormal vectors！
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● If a matrix M satisfies

  ijjiij MMM  † , i.e., MM † ：hermitian matrix

  ijjiij MMM  † , i.e., MM † ：anti-hermitian matrix

eg. 






 
0

0
i

i
is hermitian（but anti-symmetric！）









i

i
0

0
is anti-hermitian（but symmetric！）

Note 1：Any real symmetric (anti-symmetric) matrix is automatically hermitian

(anti-hermitian).
Note 2：If M is hermitian, then its diagonal elements must be real;

if M is anti-hermitian, then its diagonal elements must be purely
imaginary.

∵    iiiiii MMM † when M is hermitian

   iiiiii MMM † when M is anti-hermitian

Note 3：If M is hermitian, then iM is anti-hermitian;

if M is anti-hermitian, then iM is hermitian.
Note 4：For any matrix M, we can always rewrite it as a sum of a hermitian part

and an anti-hermitian part：

22

†† MMMM
M





 = hermitian + anti-hermitian

Note 5：The product of 2 hermitian matrices is not generally hermitian, unless they

commute.

Note 6：For any matrix R（probably rectangular）, the products RR† and †RR are
automatically hermitian.
∵     RRRRRR ††††††  and     †††††† RRRRRR 

Note 7：The inverse of a hermitian (anti-hermitian) matrix is also hermitian

(anti-hermitian).

∵ †MM      †11†1   MMM
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● If a matrix U satisfies
1† UU  †† UUIUU  ：unitary（么正）matrix

eg. 
























01
10

exp
cossin
sincos





i
i

i
is unitary

Note 1：The orthogonal matrices can be considered as a special（real）case of the

unitary matrices.
Note 2：The inverse of a unitary matrix is also unitary.

∵      111††1   UUU

Note 3：U must be non-singular！

Note 4：The determinant of a unitary matrix must be ei= cos+ i sin！
∵ UUI †

∴ UUUUUUI  ††  UU


1 or ieU 

Note 5：A unitary matrix represents a linear operator that leaves the lengths（or
norms）of（complex）vectors unchanged. That is,
if two column vectors y


and x


have the relation： xUy


 , then

    xxxUUxxUxUyy
 ††††† 

Note 6：The product of 2 unitary matrices is unitary.

∵   IIUUUUUUUUUU  †
11

†
1

†
221

†
2121

Note 7：If H is hermitian and U is unitary, then U1HU is hermitian.

∵     HUUUHUHUU 1†1†††1  

Note 8：If H is hermitian, then  iHU exp is unitary.

∵      †

0

††

!
exp 








 



n

n

n
iH

iHU

      iH
n
iH

n
iH

n

n

n

n




 








exp
!! 00

†

∴       IiHiHiHiHUU  expexpexp†

cf. If is real, ie is unimodular, i.e.,   1   iiii eeee .
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● normal matrix：a matrix that commutes with its Hermitian conjugate

That is, †† MMMM  or   0, † MM

Example：Hermitian matrices and unitary matrices（symmetric matrices and
orthogonal matrices in the real case）

∵ Hermitian matrix： MMMMMM †† 
unitary matrix： MMMMMMMM †11†  

Note：The inverse of a normal matrix is also normal.

∵      1†11†1†1   MMMMMM

     †111†11† 
 MMMMMM

● Pauli matrices： 









01
10

x 






 


0
0
i

i
y 











10

01
z

(1) They are hermitian and also traceless.
(2) Their square equals the unit matrix.
(3) As a result of these 2 features, they must also be unitary.

(4)   zyx i 2,  ,   xzy i 2,  ,   yxz i 2, 

(5) Any 2 of them anticommute. That is, the anticommutator
  NMMNNM , vanishes.

(6) As a result, zyx i  , xzy i  , yxz i 


